ON THE STRONG FREESE-NATION PROPERTY

DAVID MILOVICH

ABSTRACT. We show that there is a boolean algebra that has the Freese-
Nation property (FN) but not the strong Freese-Nation property (SFN), thus
answering a question of Heindorf and Shapiro. Along the way, we produce some
new characterizations of the FN and SFN in terms of sequences of elementary
submodels.

1. THE FREESE-NATION PROPERTY AND FRIENDS

Definition 1.1.

e Given a poset P and a map f from P to the power set of P, we say that f
is interpolating if, for all pairs z <p y, there exists z € [z, y] N f(z) N f(y).

e We say that poset P has the Freese-Nation property (FN) if there is an
interpolating map from P to [P]<®, the set of finite subsets of P. Such a
map is called an FN map.

When a P is also a boolean algebra, the FN can be understood as an abstrac-
tion of the Interpolation Theorem of propositional logic, which states that if the
implication ¢ — v is tautological for two propositions ¢ and %, then there is a
proposition x such that ¢ — x and x — ¥ are tautological and the propositional
variables of x are common to ¢ and 1. An easy consequence of the Interpolation
Theorem is that free boolean algebras have the FN.

The FN is named after Freese and Nation [2], who introduced it in 1978 as part
of a characterization of projective lattices. In particular, every projective lattice has
the FN (but the converse was already known to be false, even for finite lattices).
Since the morphisms in the category of lattices and lattice homomorphisms are
epimorphisms if and only if they are surjective, a lattice is projective if and only
if it is a retract of a free lattice. Likewise, a boolean algebra is projective if and
only if it is a retract of a free boolean algebra. The Stone duals of the projective
boolean algebras are exactly the Dugundji spaces, i.e., the continuous retracts of
powers of 2.

The Stone duals of the boolean algebras with the FN were elegantly characterized
in two ways by Séepin [10, 11], as the existence of a distance function between points
and regular closed sets and as the existence of a rich family of open quotient maps.
Succinctly, a compact Hausdorff space is “k-metrizable” if and only if it is “openly
generated;” a boolean space is openly generated if and only if its clopen algebra
has the FN. Séepin also proved that every Dugundji space is openly generated, that

Date: Dec. 23, 2014; revised July 7, 2016.

2010 Mathematics Subject Classification. Primary: 06E05, 03E75.

Key words and phrases. Freese-Nation property, FN, strong Freese-Nation property, SFN,
elementary submodel, boolean algebra, Davies tree, Davies sequence, long wi-approximation
sequence.



2 DAVID MILOVICH

the Vietoris hyperspace operation preserves open generation, and that every openly
generated boolean space of weight at most ¥y is Dugundji. However, Shapiro [9]
proved that the Vietoris hyperspace of 2 is not a continuous image of a power
of 2 if kK > Ny. Thus, for boolean algebras up to size N;, the FN is equivalent to
projectivity, while for boolean algebras in general, projectively strictly implies the
FN.

Fuchino translated S¢epin’s notion of openly generated into the language of ele-
mentary substructures in an appendix to [4]. Before we can state this characteri-
zation, we need a few definitions.

Definition 1.2.

e If Pis a poset, S is a set, and p € P, then, when they exist, let
— w3 (p) = min{g € PN S : ¢ > p} and
— 79(p) =max{qge PNS:q<p}
e Given a poset P and Q C P, we say that @ is a relatively complete suborder
of P if, for all p € P, Wf(p)mr?(p) exist.
e Given boolean algebras A and B, we write A < B to indicate that A is a
subalgebra of B.
e If B is a boolean algebra, A < B, and A is a relatively complete suborder
of B, then we write A <,. B.
e If y: A — B is a boolean homomorphism, we say that i is relatively
complete if [A] <, B.

Note that the topological dual of a relatively complete boolean homomorphism
is an open map between two boolean spaces.

Definition 1.3.

e Given two sets P and @, we write P < @ if (P, €) is an elementary sub-
structure of (Q, €).

e Given a cardinal p, let H(p) denote the set of all sets with transitive closure
smaller than p.

Given a boolean algebra A = (A,0,1,A,V,—), we will abuse notation by using
A to denote both A and A. In particular, when we write A € M for some set M,
we mean A4 € M.

Theorem 1.1 (Fuchino). Let A be a boolean algebra and let u be a regular un-
countable cardinal such that A € H(u). The following are then equivalent.

(1) A has the FN.
(2) ANM <, A for all countable M satisfying A € M < H(u).
(3) ANM <, A for all M satisfying A € M < H(u).

If we weaken the definition of FN map to allow as outputs countable sets instead
of merely finite sets, then we obtain the weak Freese-Nation property (WFN), which
was initially investigated in topological terms by Séepin [11] and later systematically
studied in Heindorf and Shapiro’s 1994 book Nearly Projective Boolean Algebras [4].
For our purposes, their most interesting result about the WFN is a characteriza-
tion of it as the existence of a rich family of commuting subalgebras. Elementary
substructure characterizations analogous to (2) and (3) from the previous theorem
were proved by Fuchino, Koppelberg, and Shelah in [3] and by the author in [8],
respectively.
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Definition 1.4.

e Given a poset P and A, B C P, we say that A and B commute, writing
A | B, if, for all pairs (z,y) € A x B, if z < y, then [z,y] N AN B is
nonempty, and if y < z, then [y, z] N AN B is nonempty.

e Given a poset P and Q C P, we say that @ C, P if, for all p € P, there
exist countable sets L(p), U(p) C @ such that

~{eeQ:q<p=U,erplee@:qg<r}and
~{ee:qzp=U,cvplecQ:qzr}

Note that if A and B are subalgebras of a boolean algebra C, then A | B if
and only if, for all ultrafilters U of A and V of B,if UNB =V NA, then UUV
extends to an ultrafilter of C.

Theorem 1.2. Let A be a boolean algebra and let p be a regular uncountable car-
dinal such that A € H(u). The following are then equivalent.

(1) A has the WFN, i.e., there is an interpolating map from A to [A]<N:.

(2) (Fuchino, Koppelberg, Shelah) ANM C, A for all M satisfying A € M <
H(p) and |M|=w, C M.

(3) ANM C, A for all M satisfying A € M < H(p) and wy C M.

(4) (Scepin, Heindorf, Shapiro) There is a cofinal family C of countable subal-
gebras of A such that F | G for all F,G € C.

In [4], Heindorf and Shapiro defined the natural analog of (4) for the FN to be
the strong Freese-Nation property (SFN).

Definition 1.5. A boolean algebra has the SEFN if and only if it has a pairwise
commuting cofinal family of finite subalgebras.

Also in [4], Heindorf and Shapiro showed that projectivity implies the SEN im-
plies the FIN. Hence, the three properties are equivalent for boolean algebras of size
at most N;. They further showed that the symmetric square and exponential oper-
ations preserve the SFN; Scepin had already shown the same for the FN [10]. On
the other hand, if K > Ro, then the exponential [9] and symmetric square [11] of a
free boolean algebra of size k are not projective. Thus, the two most natural exam-
ples of non-projective boolean algebras with the FN also have the SFN. Naturally,
Heindorf and Shapiro posed the question of whether the SFN is actually equivalent
to the FN. Twenty years later, there appears to have been no subsequent published
work on the SFN. The primary motivation of this work is to answer Heindorf and
Shapiro’s question.

Theorem 1.3. There is a boolean algebra of size Ny that has the FN but not the
SFN.

To prove the above, we require new characterizations of the FN and SFN in
terms of “retrospective” sequences of countable elementary submodels, as we shall
explain shortly. We expect that the techniques we use here for separating the FN
and SFN will see wider application in the future, and have stated many lemmas in
anticipating generality.

For additional background information about the classes of boolean algebras
defined by the SFN, FN, WFN, and projectivity, we refer the reader to [4].
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2. RETROSPECTIVE SEQUENCES OF ELEMENTARY SUBSTRUCTURES

Our proof of Theorem 1.3 uses long A-approximation sequences, which one can
think of as a poor man’s higher-gap morasses, available in ZFC. These sequences
were introduced in [7] as a more flexible version of Davies’ trees of substructures [1].
Davies used such a tree to prove that the plane is a union of countably many rotated
graphs of functions; Jackson and Mauldin [5] used such a tree to prove that there
exists a subset of the plane intersecting every isometric copy of Z? at exactly one
point. The main application of long A-approximation sequences in [7] was to prove
that, for a class of topological spaces that includes every compact group, every
topological base of a space contains a base of the same space which is upper finite
with respect to inclusion.

Definition 2.1.

e Call a sequence of sets (A;);er retrospective if I is an ordinal and, for all
i € I, the sequence (A;);<; is an element of A;.

e Given p a regular uncountable cardinal and A a regular uncountable cardi-
nal at most p, call a set M A-approzimating if |[M| < A\, M N A € A, and
M < H(u).

e Given p and A as above, and 7 an ordinal at most p, a transfinite sequence
(M;)i<y is called a long A-approzimation sequence if it is retrospective and
M; is A-approximating for all ¢ < .

(In Definition 3.16 of [7], it was required of long A-approximation sequences that
also |M;| C M; and X\ € M;. Here, we do not require |M;| C M; because it is not
needed for any applications (so far). We do not require A € M; for the same reason,
and because if A <7 <7, then \ is definable in M; as sup;_; min(i \ Mj;).)

The requirement M; N A € X is succinct but perhaps obscures its intended appli-
cation, which is that for all A € M;, if |A| < A, then A C M;. In particular, if i < A,
then Uj<i M; C M;. Also notice that the requirement M; N A € X is redundant if
A= wi.

Lemma 2.1. Given regular uncountable cardinals A < p, A € [H(p)]<*, n < p,
and (M;)i<y a long A-approzimation sequence, there exists M, such that A C M,
and (M;)i<n+1 s a long A-approzimation sequence.

Proof. Let B = AU{(M;)i<y} and choose M,, = J,, ., Nn where B C Ny, |[N,,| < A,
N, < H(u), and N,, Usup(ANN,,) C N, 41 for all n. O

Lemma 2.2. Given (M;)i<y as in the above definition and o, f < 1, the following
are equivalent.

(1) o € BN Mg

(2) M, € M@

(3) Mo & Mg
Proof. Given (1), we have (2) because M, is definable from « and (M) <. Given
(2), we have M, C Mg because |M,| € Mg N A € \; we also have M, € Mg\ M,.
Given (3), we have a # §; we also have o € Mg because « is definable in M,
from (My)~<q; we also have o < /5 because otherwise M, C U7<a M., which is
impossible because H(u) € U, ., My and U, ., My € Mo < H(p). O

Lemma 2.3. If S € My and (M;);<|s| is a long X-approzimation sequence, then
S € Uicis) M-
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Proof. Some f € My is a surjection from |S| to S. By Lemma 2.2, My C M, for
all @ > 0, so f(a) € M, for all a < |5]. O

Definition 2.2. Given an ordinal « and an infinite cardinal A, let the \-truncated
cardinal normal form of o denote the unique polynomial

WeeY0 +---+ WBy—1Ym—1 + Ym

equal to « and satisfying wg, > -+ > wg,, , > X, v € [1, wg, *) for all i < m, and
Ym < A. For each i < m, let 9;a denote wg,v; and let [a], , denote >, ;. 0ja;
let [a],=0and [a],, ; =a. Let T(a )denotemif’ymzo;m+1if7m>0

Observe that |«], is {a}-definable in H(|o|T) for each i < T(a). Hence, if
(Mg)g<q is a long A-approximation sequence, ( + 7 < a, and | + BJ‘[(() = ( for
all < n, then, for each § < 7, (M¢4~)y<g is definable in M¢1 3. Thus, such an
(Mc¢48)a<n is a long A-approximation sequence. We will use this last observation
to prove the fundamental lemma for long A-approximation sequences, which is the
existence of a definable finite partition into directed segments.

Lemma 2.4. Given a long A-approzimation sequence (Mg)a<q, the sets {Mps :
la); < B < |al, 4} are directed with respect to inclusion for all i < 7(a).

Proof. A proof is implicit in the proof of Lemma 3.17 of [7], but we will provide a
shorter explicit proof here. Proceed by induction on ae. If & < A, then {Mp3 : 8 < a}
is a chain. If T(a) > 2, then each {Mp : |a], < B < |a]; ]} is directed by our
induction hypothesis applied to (MLaJi+6)ﬁ<3iOt' So, suppose that > X\ and
Ta) = 1. If o = sup{B < o : I(B) = 1}, then {M,, : v < a} is directed because
each {M,, : v < B} is directed by induction. So, suppose that o = (v + 1) where
k is a cardinal and 1 <y < k*. Set 8 = ky and S = {Mj; : § < 8}. By Lemma 2.3
applied to S and (Mpgys)s<w, we have S C | Js., Mp1s. Hence, by Lemma 2.2, for
every € < 8 there exists § < x such that M. C Mpgys. Therefore, {Ms : § < o}
is directed because its cofinal subset {Mpays5 : 6 < k} is directed by our inductive
hypothesis applied to (Mg4s)s<k- O

If n < wand (My)a<x+n is a long A-approximation sequence, then, since T(a) <
n+1 for all @ < AT, we can sometimes use (My)o<r+» like a (A, n)-morass, in the
weak sense that we can build a A™™-sized object as a direct limit of small (that is,
(< A)-sized) pieces while locally only having to fit together at most n+1 small direct
limits of these small pieces. Of course, we lack the additional coherence properties
of a (A, n)-morass, which require assumptions beyond ZFC. However, the citations
given at the beginning of this section demonstrate that long A-approximation se-
quence are useful even without such coherence. We will find them useful again in
this paper. See also [13] for very recent additional applications, noting that there
long wi-approximation sequences are called Davies sequences.

We finish this section with some additional lemmas about long A-approximation
sequences that we will need later.

Definition 2.3. Given a long A-approximation sequence (Mpg)g<y, o < 7, and
i< _l( ), let
Ii() = [lal;, [af;41);
b I/( ) = Li(a) N Ma;
Zi(a) ={Mg : § € Ii(a)};
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o Tj(a) ={Mp: B € Ii(a)};
) Ma,i = UIZ(Oé),
o M/, =M,;NM,.

Lemma 2.5. If (My)a<y is a long X-approximation sequence, i < 1(n), and 0;n >
)\, then |M77,i| = 67,7’] g Mn,’i'

Proof. Since (M|, Ji+a)a<8m is a long A-approximation sequence, we have 9;n C
M, ;. Since each M ;| +o is smaller than A, we have 0in = | M, ;|. O

Lemma 2.6. If (M,)a<y is a long X-approzimation sequence and S € My, then,
forallao<n, S€ M, and S € My,; for all i < T(a).

Proof. By Lemma 2.2, My C M, for all o < n. Hence, also My C Uﬁeli(a) Mg for
all @ < n and ¢ < (a). O

Definition 2.4. Because Z;(«) and Z](«) may not be downward closed in {Mp :
B < n} with respect to inclusion, we also define
Ji(a) =U{Msn (B+1): B € Li(a)};
Jila)=U{MsgnN (B +1):B€Li(a)};
Ji(e) ={Mpg : B € Ji(a)};
Ti (o) ={Mp : § € Ji(a)}.
By Lemma 2.2, J;(a) and J/(«) are downward closed in {Ms : 8 < n} with
respect to inclusion. Also observe that, by elementarity and retrospectiveness,
o Ti!(a) = Ti(a) N My;
o Jl(a) = Ji(a) N My;
o J/(a) = Ti(e) N M,,.

Lemma 2.7. Given a long A-approzimation sequence (Mg)g<a+1 and i < T(a),
Zi(a) and I(a) are directed with respect to inclusion with respective unions M ;
and M, ;. Moreover, I;() is cofinal in Ji(a) and I(«) is cofinal in J}(c).

Proof. By Lemma 2.4, Z;(a) is directed; by definition, its union is M, ;. Since
(Mg : B € Ii(o)) € My, < H(p), the set Z; ()N M, is directed with union M, ;NM,.
Having thus proved the first sentence of the lemma, the second sentence immediately
follows from Lemma 2.2. O

Lemma 2.8. Given a long A\-approzimation sequence (Mg)a<a+1, we have

* Upsca M =Uicq(a) Masi;

e M, N Uﬁ<a Mg = UK-‘(a) M, ;, and

o My, M/, ; < H(p) for alli < (a).
Proof. Clearly, a = |, <T(e) I;(«); the two equations of the lemma immediately
follow. By Lemmas 2.4 and 2.7, each M, ; and each M, ; is a directed union of

(2

elementary substructures of H(u), so My i, My, ; < H (). O

Lemma 2.9. Given a long A-approzimation sequence (Mg)g<a+1 and i < T(a),
we have I/(a) Uﬁéi Jj(a).

Proof. Since A is regular and |[;(a)| > |Ix(a)| for all j < k < TI(a), we have
L()] > Yiejeen |75(@)]- Let = min (Ii(a) \Uicj <o) Jj(a)>, which is de-
finable in M, and thus in [j(a) \ U; <) Jj(a). Since B > [af,;, we also have
B ¢ Uj<i Jj(a). U
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Definition 2.5. Given a long A-approximation sequence (Mg)g<q+1 and nonempty
s C T(a), let

o Ky (a)= mies Ji(a);
o Ki(a) =g, Jile);
o Ks(a) = ﬂiES Ji(a);
o Ki(a) =ies Ji(a).

Observe that, by elementarity and retrospectiveness,

o Kl(a)=Ks(a)N My;
o Kl(a) = Ks(a) N My;
o Ks(a) ={Mp:p € Ksa)};
o Ki(a)={Ms: B € K(x)}

Lemma 2.10. Given a long A-approzimation sequence (Mg)g<a+1 and nonempty
s C T(a), the sets Kq(a) and K (o) are directed with respect to inclusion.

Proof. Since Ks(a) € M, < H(p), it suffices to show that Ks(a) is directed.
Proceed by induction on |s|. Case |s| = 1 follows from Lemmas 2.4 and 2.7. As-
suming |s| > 1, let ¢ = max(s) and t = s\ {i}. Suppose that 8,7 € K(«).
Since 8,7 € Ji(a), we have Mg, M, C M;y for some 6 € I;(a). By definition,
Ki(o) < I;j(a); hence, 8,7 < 6; hence, Mg, M, € Ms by Lemma 2.2. Since
§ € Ii(a), we have I;(6) = I;(a) for all j < i. Therefore, M;s knows that /C;(c) is
directed and that Mg, M., € K¢(a). Hence, there exists M. € MsNK:(«) such that
Mg, M, C M.. By Lemma 2.2, ¢ € M;s N 0; hence, € € J;(a). Thus, Mg and M,
have a common superset M, in K¢(a) N J;(@), as desired. O

Definition 2.6. Given along A\-approximation sequence (Mg)s<y and z € g, Mp,
let the M -rank of x, written p(x, M) or just p(x), denote the least av < 7 such that
r € M,.

Lemma 2.11. Given a long A-approximation sequence (Mg)g<a+1 and x € M,,
we have MP(I) Cc M,.

Proof. Supposing p(r) < a, we have M, definable in M, from = and (Mg)s<a.
By Lemma 2.2, we then have M) G M. (I

Lemma 2.12. For every long A-approzimation sequence (Mg)g<y, and @ # E C 1,
there exists D C 1 such that (,cp Mo = U M, and {M, : o € D} is directed.

Proof. Let N = (,cp Ma. By Lemma 2.11, N = [J{M, : @ < nand M, C N}.
Suppose that o, < n and M,, Mg C N. It suffices to find v < 7 such that
M, UMpg C M, C N. First, note that M,, Mg € M; for all i € E by Lemma 2.2.
Since E is nonempty, we may define v = p({M,, Mg}). We then have M,, Ms C
M, (again by Lemma 2.2). Fix ¢ € E; it suffices to show that M, C M,;. By
definition of p, v <. If v < ¢, then M, C M; because M, is definable in M;. U

aeD

Lemma 2.13. For every long A-approzimation sequence (My)a<n and E C 1, if
{M,, : a € E} is directed, then there exists i < 1(n) such that E C J;(n).

Proof. Let £ = {M, : « € E} and & = {M,, : o € EN I;(n)} for each i < T(n).
Since £ is directed and {&; : i < 7I(n)} is a finite partition of £, there must exist ¢
such that &; is cofinal in £. By Lemma 2.2, F C J;(n) for any such i. O
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3. RETROSPECTIVE CHARACTERIZATIONS OF THE FN AND SFN

Lemma 3.1. Given a poset C and A,B C C such that A | B and AN B is a
relatively complete suborder of A, the functions Wf ' A and w8 | A respectively
equal 778 | A and 7A7B | A.

Proof. Given a € A and b € B such that a < b, we have some ¢ € [a,b] N AN B;
hence, 745 (a) < ¢ < b; hence, 7% (a) exists and equals 7475 (a). Likewise, 75 (a)

exists and equals 7478 (a). O

Proposition 3.1. If C is a poset, A,B C P(C), and A | B for all (A, B) € AxB,
then JA | UB.

Proposition 3.2. Given a poset C and A C B C C, if A is a relatively complete
suborder of C, then A is relatively complete suborder of B.

Definition 3.1. Given a boolean algebra A, a long A-approximation sequence
(Mg)g<n, © € ANUgo, Mg, and i < (p(x)), let 7' (x, M) or just 7% () denote

Mot (1) if it

7rf”(“”'(a:) if it exists; likewise let ©° (z, M) or just 7° (z) denote 7

exists.

Theorem 3.1. Let A be a boolean algebra. The following are equivalent.

(1) A has the FN.

(2) For every long wi-approzimation sequence (My)a<|a] with A € My, for
every v € A, p(x) exists and, for every i < (p(z)), 7' (x) and 7' (z)
exist.

(3) There exists a long wi-approvimation sequence (Ma)a<|a| such that, for
every v € A, p(x) exists and, for every i < T(p(z)), 7' (x) and 7 (z)
exist.

(4) For every long wi-approvimation sequence (My)a<|a] with A € My, for
every a < |Al, and for every i < T(a), we have AN M, | AN M,,; and
ANM ; <ee AN M,.

(5) There exists a long wi-approvimation sequence (Ma)a<|a| such that A C
Ua<ja| Ma and, for all o < |A] and i < T(a), we have AN M, < A,
ANMy L ANMy,, and ANM), ; <. AN M,.

(6) For every long wi-approzimation sequence (My)a<|a] with A € My, for
every a, B < |A|, and for every i < (), we have AN M, | AN Mg and
AmM(’” <;e ANM,.

(7) There exists a long wi-approzimation sequence (Ma)a<|a| such that A C
Ua<|A| M, and, for all o, < |A] and i < («), we have AN M, < A,
ANMy L AN Mg, and ANM], ; <,c AN M,

Proof. (1)=(2). Fix M as in the hypothesis of (2). For each x € A, p(x) exists
by Lemma 2.3. Each M,,); is an elementary substructure of H(u) by Lemma 2.8.
Also, A € M,(,),; by Lemma 2.6. Hence, ANM,,,; <;c A by Theorem 1.1. Hence,
7' (z) and 7* (z) exist.

(1)=(6). Fix M as in the hypothesis of (6). By Lemma 2.6, we have A € M/, ;
for all @ < |A| and ¢ < T(«). Hence, by Lemma 2.8 and Theorem 1.1, we have
AN M(;J- <ic A. Hence, AN M, ; <, AN M, by Proposition 3.2. Finally, given
a, f < |A|, choose an FN map f € My. By Lemma 2.6, M, and Mg are f-closed,;
hence, AN M, | AN Mg.
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(2)=(3), (4)=(5), and (6)=-(7). Choose p large enough that A € H(u). By
Lemma 2.1, there is a long w;-approximation sequence (Mgy)qa<|a| With A € M.
By Lemma 2.6, we have AN M, < A for all & < |A|. By Lemma 2.3, we have
AC Ua<\A| M.

(6)=(4) and (7)=(5). Apply Proposition 3.1.

(5)=(3). By Lemma 3.1, wf”’i’ and 7'*" are well-defined on all of AN M,.

(3)=(1). This is implicit in the author’s proof of Corollary 3.4 of [8], but we
include a proof here for completeness. For each a < | 4|, choose a well-ordering C,,
of {x € A: p(x) = a} with length at most w. Set T = [, 4 Ea. Recursively
define f: A — [A]<N0 by

f@)={y:yCaiu| |J (fri@)UfEi)

i<(p(2))

Suppose x <4 y. We verify that S = [z,y] N f(z) N f(y) is nonempty by induction
on max{p(x), p(y)}. If p(x) = p(y), then z C y, in which case x € S, or y C z,
in which case y € S. If p(x) < p(y), then x € M, for some 7, in which case
[z, 7% (y)] N f(z) N f(7%(y)) is a nonempty subset of S. If p(y) < p(z), then

M4, for some i, in which case [7% (2),y] N f(7,(x)) N f(y) is a nonempty
subset of S. d

Lemma 3.2. Given boolean algebras A < C and B <,. C, the following are equiv-
alent.

1) A B.

(2) mP[A] C A

(3) 7B[A] C A.

Pmof (1)=(2). Given a € A, we have a < Wf(a) € B, so there exists b €
la, 78 (a)] N AN B. However, by definition of 7%, we must have have b = 7% (a).
(2)=(1). Given a € A and b € B, if a < b, then 7¥(a) € [a,)]N AN B; if b < a,
then 72(a) € [ba}ﬂBandﬂ' (a) = —mB(—a) € A.
(2)5(3). 75(s) = —7B(—e) and 77 (e) = —7(—s). 0

Definition 3.2.

e A partial algebra is a pair of the form (U, F) where U is a set (called the
universe of (U, F)) and F is a set of functions such that, for each f € F,
there exists n < w such that dom(f) C A™. If every dom(f) is of the form
A" then we say that (U, F) is an algebra.

e A partial algebra (U, F) is a subalgebra of a partial algebra (V,G) it U C V|,
F={g1U~¥:g9€G}, and U,eqglU=*] CU.

e A partial algebra (U, F) is locally finite if, for every finite A C U, there
exists a finite B C U such that A C B and (B,{f | B: f € F}) is a
subalgebra of (U, F).

e We say that a partial algebra (V,G) expands a partial algebra (U,F) if
U=V and F CG.

e Given a long A-approximation sequence (M;);<, and a boolean algebra
A, let the M-expansion of A, written A[M], denote the expansion of A
resulting from adding the functions in the set {J,_ {=", 7" }.
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Theorem 3.2. If A is a boolean algebra with the SFN, (Ma)a<|a| s a long wi-
approzimation sequence, and A € My, then A[M] is locally finite.

Proof. Let C € My be a pairwise commuting cofinal family of finite subalgebras of
A. Tt suffices to show that, for every F' € C, (an expansion of) F' is a subalgebra of
A[M]. Let x € F € C, a = p(x), and i < TI(c). By Theorem 3.1, ', () are well-
defined. By Lemmas 2.6 and 2.8, C € M, ; < H(u), so we may choose G € M, ;NC
such that 7% (z) € G. Since G € M,; and G is finite, G C M, ;; hence, 7', (z) € G
implies 7% (z) = 7¢(z). By Lemma 3.2, ¥ (z) € F. O

The proof of Theorem 3.2 implicitly shows much more. Indeed, we can expand
A[M] by adding every function of the form 7 where C € N < H(u), yet still
obtain a locally finite partial algebra. However, local finiteness of A[M] is strong
enough for our purposes. As we shall show in Section 5, it is strictly stronger than
the FN.

Question 3.1. If A is a boolean algebra with the FN, (My)a<|4) is a long wi-
approximation sequence, A € My, and A[M] is locally finite, then does A have the
SEN?

We do not know the answer to the above question. However, we will point out
that if we broaden our consideration to arbitrary expansions of boolean algebras,
then characterizations of the FN and SFN are apparently easier to obtain.

Definition 3.3. Call an FN map f transitive if f(y) C f(z) for all x € dom(f)
and y € f(z).
Lemma 3.3. If A has the FN, then A has a transitive FN map.

Proof. Construct an FN map f as in the proof of (4)=-(1) in Theorem 3.1, except
use the following recursive definition of f:

f(z) =A{z}u (U f(y)> ul U (@) ufE @)
yCe i<T(p())

The proof of (4)=>(1) in Theorem 3.1 still works verbatim, but now f is also tran-

sitive. 0

Lemma 3.4. If A is a boolean algebra, B is a pairwise commuting family of rela-
tively complete subalgebras of A, and By, By € B, then BU {By N By} is pairwise
commuting.

Proof. Let C' € B. Suppose that x € ByN By, y € C, and = < y. By symmetry, it
suffices to show that [z,y] N By N By N C is nonempty. Let z = 7§ (x), which is in
[z,y] N C. By Lemma 3.2, z is also in each of By and Bj. O

Definition 3.4.
e Given a partial algebra B, call a subalgebra C of B cyclic if, for some
x € C, C is the smallest subalgebra of B that contains {z}.
e Given a boolean algebra A, we say that a partial algebra B is strongly A-
commuting if B has the same universe as A, B is locally finite, and, for all
cyclic subalgebras F' and G of B, we have F' | G as suborders of (A, <4).

Theorem 3.3. Given a boolean algebra A,
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o A has the FN if and only if there is a strongly A-commuting algebra;
o A has the SEN if and only if there is a strongly A-commuting algebra ez-
panding A.
Moreover, the above is true if we replace “strongly A-commuting algebra” with
“strongly A-commuting partial algebra.”

Proof. If f is a transitive FN map on A, then, letting (f,,(2))n<. surject from w to
f(z) for each z € A, the algebra B with universe A and set of functions {f,, : n < w}
is strongly A-commuting.

Conversely, given a strongly A-commuting partial algebra B, construct an FN
map f by letting f(x) be the minimal subalgebra of B containing {z}, for each
x € A

Suppose C is a pairwise commuting cofinal family of finite subalgebras of A. By
Lemma 3.4, we may assume that C is closed with respect to pairwise intersection.
For each = € A, let C(z) denote the smallest element of C that contains {z}; let
(fn(x))n<w surject from w to C(z). The expansion of A formed by the adding the
functions from {f, : n < w} is strongly A-commuting.

Conversely, suppose that B is a strongly A-commuting expansion of A. Let C
denote the set of finite subalgebras of B. Since B is locally finite, C is a cofinal family
of finite subalgebras of A (provided we identify each C' € C with the subalgebra
of A that has the same universe). Moreover, by Proposition 3.1, C is pairwise
commuting. (I

Observe that adapting the proof of Lemma 3.3 to build a strongly A-commuting
expansion of A would require not only that A[M] be locally finite, but also that
A[M] remain locally finite after adding a partial function that maps each x € A to
its immediate C-predecessor, if one exists.

We shall need the next lemmas in Section 5.

Lemma 3.5. If A<,.B,a€ A, b€ B, and m{(b) = z, then n{(a ANb) = a A z.
Proof.
aNb<yeA=b<yV—-acA

=b<zr<yV-—a

=saNb<aNx <y O
Definition 3.5. Given a boolean algebra A, a long A-approximation sequence
(Ma)a<n, and z € A, let Uf(x,M) =z and, for all (tg,...,t,) € w<Y, let

ol (z, M) = (xfp owil’l oo’ (x, M)

if the righthand side exists. Let ¢y (z, M) denote the set of all o, (x, M) that exist.
Likewise define ot (x, M) and ¢_(z, M). We may suppress the dependence of ¢i
and o’ on M when convenient.

Observe that if s is a strict initial segment of ¢ and o', () exists, then ¢}, <
T(p(c(x))) and p(ol (z)) < p(os (x)). Hence, by Kénig’s Lemma, ¢; () is finite;
likewise, ¢_(z) is finite.

Lemma 3.6. Suppose we have a boolean algebra A and a long A-approximation

sequence (Mg )a<ny such that 7' (z) exist for all z € AN Ua<y Mo and all i <
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T(p(x)). Then, for every B < A[M] where B is of the form AN, c; Ma, we have
2 (z) = AN(BNep(z)) and nB(x) = V(BNs_(x)) for allz € AN Ua<y Ma-

Proof. Suppose that z € AN,
fices to show that 2 < y where 2% = A(B Ny (z)). Proceed by induction on
max{p(x), p(y)}. Choose a € I such that y € M,. By Lemma 2.11, M,y C Mu;
hence, AN M, € B. If p(x) = p(y), then € B, in which case xf =z <uy.
If p(z) < p(y), then x € M, , for some 4, in which case < 7°(y) € B and
p(7'(y)) < p(y); by induction, =¥ < 7% (y) < y. If p(y) < p(x), then y € M,
for some 4, in which case z < y and p(z) < p(z) where z = 7 (x); by induction,
28 < y; hence, 28 < 2B <y because ¢, (z) C o1 (). O

M, and x < y € B. By symmetry, it suf-

Corollary 3.1. Suppose we have a boolean algebra A and a long A-approximation
sequence (My)a<n such that p(z) and 7' (x) exist for allz € A and alli < T(p(x)).
Further suppose that v is a regular uncountable cardinal, A,M € P < H(v), and
ANPeX+1. Then, for allz € A\ P,

™ (z) = /\ (7' (z, M)) and
1< (p(z,M))

wf@)y="\/  #l(xl(x,M)).
i<(p(z,M))

4. EMBEDDINGS AND COLIMITS

In this section, we collect some facts and specify some notation concerning vari-
ous colimits and various classes of boolean embeddings. We refer the reader to [4]
and [6] for additional background information.

Definition 4.1.

e Say that a sequence (F;);c; of subalgebras of a fixed boolean algebra is
independent if, for all finite J C I and all x € HjeJ Fy, if /\jeJ z(j) =0,
then z(j) = 0 for some j € J.

e Say that a sequence (x;);cs of elements of a fixed boolean algebra is inde-
pendent if ({x;, —x;,0,1});er is independent.

e Say that a boolean algebra F' is free if it is generated by the range of an
independent sequence of elements of F'.

Fix once and for all a countably infinite free boolean algebra Fr, and an inde-
pendent sequence (fry,),<, generating Fr, such that Fr, and fr are definable in
H(®y) without parameters. For each S C w, let Frg denote the subalgebra of Fr,,
generated by {fr, : n € S}.

Definition 4.2.

e A boolean embedding is an injective boolean homomorphism.

e Given two boolean algebras Cy and Cy, a coproduct of Cy and Cy is a
boolean algebra Cy @& C7 with boolean embeddings @¢: Cy — Cy b C;
and @1: C1 — Cy @ C such that &¢[Cp] and @1[C4] are independent and
Ui<o ®:[Ci] generates Co @ Cy. These embeddings are called cofactor maps.

Coproducts always exist uniquely up to isomorphism.

Definition 4.3.
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e Say that a boolean embedding f: A — B is free if there is an infinite free
boolean algebra F' and a coproduct A® F such that A®F = B and &g = f.

e Ifid 4 is free embedding from A to B, then we say that B is a free extension
of A and write A <gee B.

e Given boolean algebras A < B, we say that A splits in B if every ultrafilter
of A extends to at least two ultrafilters of B. We say that A splits perfectly
in B if, for all finite F' C B, the subalgebra generated by AU F splits in B.

e We say that a boolean embedding f: A — B splits perfectly if f[A] splits
perfectly in B.

Every free embedding is relatively complete and splits perfectly. Conversely, we
have Sirota’s Lemma [12], i.e., if f: A — B is relatively complete and perfectly
splitting and B is generated by f[A]UC for some countable C, then f is free. Also
note that the classes of relatively complete, perfectly splitting, and free embeddings
are each closed with respect to composition. Moreover, for any composite boolean
embedding f o g, if f is perfectly splitting, then so is f o g.

Definition 4.4.

e A quotient of a boolean algebra A with respect to an ideal I is a boolean
algebra B with a surjective homomorphism f: A — B with kernel I; f is
called the quotient map and f(x) may be denoted by z/I.

e Given boolean embeddings f: C — A and g: C — B, define a pushout
A ECH B of f and g to be a quotient of a coproduct A & B with respect to

the ideal I generated by {®o(f(c)) A ®1(g9(—c)) : c € C}. Thus, A BCH Bisa

colimit of the diagram formed by f and g.

e Given f and g as above such that also f = g = idanp, let AHB more specif-
ically denote a pushout of f and g such that &¢(a)/I = a and &1(b)/I =b
for alla € A and b € B.

If A and B are boolean algebras such that their intersection AN B is also a com-
mon subalgebra, then AH B exists as above and is characterized up to isomorphism
as a boolean algebra D in which A and B are commuting subalgebras and A U B
generates D.

Lemma 4.1. If A = Cy N Cy and, for each i < 2, we have C; = A & B; with
cofactor maps ®¢ = id4 and @1 = idp,, then (A, By, B1) is independent in CoHC

Proof. Suppose that a € A, by € By, by € By, and aAbgAb; =0in CoHCy. Then
aAby < & < —b; for some & € A because Cy | C;. Hence, @ A by = 0. Since
(A, By) is independent, ¢ = 0 or by = 0. If ¢ = 0, then a A by = 0, in which case
a =0 or by = 0 because (A, By) is independent. Thus, a =0, by =0, 0or by =0. O

Definition 4.5. Given a (nonempty) directed set D of boolean algebras such that
A C B implies A < B for all A, B € D, endow the union |JD of (the universes of)
the algebras in D with the unique algebraic operations that make the inclusions
(ida: A — UD)aep a colimit of the inclusions (ids: A — B)iacpycp, namely,
AYD = Uaep N Vup = Uaep Vas —up = Uaep =4, Oyp = 0p, and 1yp =
1p for some B € D.
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5. PROOF OF MAIN THEOREM

By Theorem 3.2, it is sufficient to construct a boolean algebra Q of size Ny such
that Q has the FN, but Q[N] is not locally finite for some long w;-approximation
sequence (Ng)a<w, with Q € Ny. We will construct in parallel a sequence (Aq)a<w,
of countable boolean algebras and a long wj-approximation sequence (Mg )a<w,
such that, for all & < wsy, we have

(1) Ay € My < H(Ng),

(2) A N U Mﬂ - U Aa 77
B<a 1<T(a)

(3) Vi< a) A,,; < Aa

where Af, ; = (J{Ap : B8 € Ji(a)} and S € T means that S is a coinfinite subset of
T. Also define A, ; = J{Ap: 5 € Ji(o)}.

Claim 5.1. Given A and M as above, a, 8 < wa, and ¢ < T1(a), we have that
. AaﬂAg ZAaﬂMg,
o A, C AB if M, C Mg, and
. A’OM- =A,N Aa,i-

Proof. For the first subclaim, we may assume we are not in the trivial case o = .
Since Ag is countable, (1) implies Ag C Mg. Therefore, A, N Ag C Ay N Mg. To
prove the converse inclusion, suppose © € A, N Mg. If B < a, then, by (2), z € A,
for some v < «; we may inductively assume A, N Mg = A, N Ag, in which case
€ Ag. If a < B, then p(z) € Mg N I;(B) C Ji(B) for some j < 7I(S); hence,
by (2) and (3), v € Ay € Ap; C Ag. Thus, Ay N Mg C Ay N Ag. Therefore,
AaﬂAg ZAQQMB.
We obtain the third subclaim from the first subclaim and from (3):

AuNAgi=Aan | Ag=4un |J Mg=A.nM. 0 ) Mg

5€J1‘(Oz) 56J{,(0¢) ﬁGJi(oz)
=4an |J Mg=4.n |J As=4.nA,,=A4A,,
BEJT](ax) BET(cx)
Also, the second subclaim holds because if 6 < ws and M, C My, then A, C As
because A, NAs = A, NMs D A, N M, = A,. O

By the above claim, since Zo(w2) is directed, letting Q@ = Ay, 0 = U, <y, 4a, we
obtain a boolean algebra of size at most Ng such that, for all o < wo, QN M, =
A, < Qand, for all i < T(a), QN My, = Ay and QﬁM’ = A’ . Therefore,

by Theorem 3.1,  will have the FN if A/ , <,. A, and A, \L Ag as suborders of
Q for all @, 8 < wy and ¢ < T(a). Therefore 2 will have the FN if we have the
following for all a < ws.

(4) Vi < @) AL <tree Aa-
(5) VMg, M, € M, A | A, as suborders of A,.
Note that (4) implies (3).

At stage 0, let Ag = Fr,, € My. At nonzero stages a < ws, select a countable
M, < H(X3) such that (Ag, Mg)g<ca € My. If T(a) = 1, then let A, be a coproduct
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Al 0 @ Fry, such that Af, j < Ay € M, and A, \ A, is disjoint from g, Mp.
Clearly, (1), (2), and (4) are preserved. Since Jj(a) is directed, (5) is preserved
too.

Now suppose that 7(a) = 2. Let Af, 5 = (1,5 A5 ;- By Lemma 2.10, 47, , is a
directed union of common subalgebras of A, ; and A, ;.

Claim 5.2. Aj, 5 < Ay, ; for each i < 2.

Proof. Fix i < 2. By Lemma 2.12, for each § € Jj(a) and j < V(B), A, ;N Ag; =
U{A+ : v € U} for some U C J/(a). By the inductive assumption of (5) for all
stages before o and by the directedness of {4; : § € J/(a)}, A, | Ap for all
~v € U. Hence, by Proposition 3.1, Afx,i NAg; | Ap. By the inductive assumption
of (4) for all stages before o, we have A}, , N Ag; N Ag = Aj; <,. Ag. Hence,

8,3
by Lemma 3.1, wi“’imAﬁ’j (z) exist for all © € Ag. Therefore, applying Lemma 3.6
with Aj, ; in place of A and A[, , in place of B, we have A;, 5 <,c Aj, ;. O

Claim 5.3. A;g <freo A/a,i for each 7 < 2.

Proof. Fix i < 2. By Sirota’s Lemma and the previous claim, it suffices to show
that A, , splits perfectly in Aj, ;. Let U be an ultrafilter of A, , and F be a
finite subset of A, ;. Applying Lemma 2.9, there exists 3 € I/(a) \ J1—i(a). Since
T!(«) is directed and J1—;(«) is downward closed in {Mp3 : § < a}, we may choose
B € Ii(a)\ Ji-i(a) such that ' C Ag. By Lemmas 2.12 and 2.13, AgNA;, , C Aj ;
for some j < 7(8). Let B < Ag denote the subalgebra generated by Aj ; U F.
Extend U N Ag to an ultrafilter V' of B. Since A%’j <tee Ap by (4) for stage
B, B splits in Ag. So, choose y € Ag and ultrafilters Vi of Ag that respectively
extend V' U {£y}. By (5) for stages before a and by Proposition 3.1, A, , | Ag
as suborders of A7, ;, so both of U UV extend to ultrafilters of A7, ;. Thus, A7, ,
splits perfectly in A, ;. O

Choose B, = A, o B A, ; such that B, € M,, and B, \ (A, U A}, ) is disjoint
from s, Mp.

Claim 5.4. (5) will be preserved if B, < A,.

Proof. Suppose that x; € Ag, and Mg, € M, for each ¢ < 2, and that zy < z;
in A,. It suffices to find w € [wg, 1] N Mg, N Mpg,. Let B; € J; for each i < 2.
We inductively assume that (5) holds for all stages before «. Therefore, since
Ji(a) and J{(«) are directed, if jo = j1, then w as above exists. So, assume that
Jjo # j1. By symmetry, we may assume that jo = 0. Assuming B, < A,, we have
Al o L Al as suborders of A,. Hence, we may choose y € A, o N A}, | N [xo, z1].
Choose v € Kj(«) such that y € M,. We may choose zy € [zg,y] N Ag, N A,
and z; € [y, z1] N Ag, N Ay, again because J;(c) and J{(«) are directed. For each
i <2, let 6; = p(z;, M | a); we then have z; € Ms, € Mg, N M, by Lemma 2.11.
Since K5 () is also directed, we may choose w € [z, 21] N As, N As,. Thus, w €
[z0, 1] NAg, N Ag,. ([l

Given Claim 5.3, we may choose, for each i < 2, cofactor maps ®g = id: A/a,z —
Afx,i and @1 = (u,i: Fr, — Afm-. For each i < 2, let B, ; = ran((a,:) and b, ; =
Coi(fry) for each n < w. Choose C,, = B, @ Fry such that C, € M,, that
®o = idp,, and that C, \ B, is disjoint from U5<a Mpg. For each i < 2, let
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ha,i = No(fr;) where n, is the cofactor map @1: Frog — C,. Let H, = ran(n,). By
Lemma 4.1, (A}, 5, Ba,o, Ba,1) is independent; hence, so is (Aj, 5, Ba,0s Ba1; Ha)-
For each n < w, let e o = b5, g ADG 1 Ahap and e | = beol Abg 1 Nha; let I, be

the ideal of C,, generated by {ey, ; : (i,n) € 2 X w}.
Claim 5.5. I, N (By U Hy) = {0}.

Proof. Let 1 <m < w, let e = \/(i’n)axmegvi, and let J be the ideal generated
by e. We will show that J N (B, U H,) = {0}. First, if 0 < h € H,, then h L e
because e A ¢ =0 < ¢ < h where ¢ = h A =05, ;. Second, if 0 < b € By, then b £ e
because e Ac =0 < c <bwherec=bA—hqoA —ha,i- [l

By the above claim, we may choose a quotient D, = C, /I, such that /I, =«
for all x € B, U H,. Choose D, such that also D, € M, and D, \ (B, U H,) is
disjoint from Uﬁ<a Mpg. Note that B, £,c D, because, for example, 7T+B‘1 (he) does
not exist because hao0 <p, A ba.o A b 1) for all m < w. However, we still
have the following.

n<m 7(

’ /

Claim 5.6. For each i < 2, A] ; <. D,. In particular, wf“’” and Wf“l satisfy (6)
for all n < w and =z € D, of the forms below.

Al Al
x 7, " (x) | 7 " (x)
(6) bao N hao | bao —bg 1
baa Ao | —a% | bas

Proof. For this proof our notation will suppress the dependence on «. FEvery
nonzero element of C' is a finite nonempty join of elements of the form x = a A bg A
biAh where a € Aj, h is of the form +hoA=xhi, and each b; is A\, cp, b A\, cq, —0F
where P; and @; are each (possibly empty) finite subsets of w. (Our convention is
that A @ = 1.) In general, ﬁfi (yVz)= ﬁfi (y) vV ﬁfi(z) and 7' (y) = —ﬂ'fi(—y)
if the righthand sides exist. Moreover, by Lemma 3.5,
(@A b Aby_g ARY/T) = a Nb A ((by—i AR)/T)

if the righthand side exists.

Let £ = b1_; Ach where b;_; and h are as above. We will show that each Wfi (z/I)
exists and equals 7;(z) where 7;(z) = A\, . —bF where T; is as in (7) below, which
uses shift operator notation S>={f+1: 8 € S} and Sa={8:5+1 € S} for
sets of ordinals.

h Ty Ty
—hg N —hi | @ %)
(7) hg N —hy | P Py
—ho N hy | P> Py«
ho A hi | Py U (P11>) Py U (P()<l)

In all cases, z/I < 7;(x) follows directly from the definition of I. Moreover, (6)
follows from (7).

Henceforth working in C, suppose that y € A}, ¢t € I, and x < yVi¢. We
will show that 7;(x) < y V e for some e € I. Every element of A\ {1} is a
nonempty finite meet of elements of the form z V w; where z € A5\ {1} and w; is
Voer, 0F V V,es, —0F where R; and S; are each (possibly empty) finite subsets of
wand R; L S;. (Our convention is that \/ @ = 0.) Moreover, by (7), 7;(z) = 1 if
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and only if h = —hg A —hy or P_; = &. Therefore, it is enough to assume that
y = zVw; where z and w; are as above and prove that h < hoVhq, that 7;(z) < yVe
for some e € I, and that P,_; # @.

By assumption, we have by _; Ah < zVw; Vt; by independence of (A}, By, By, H),
we have by_; A h < w; Vt, which implies by _; Ah < w; V (hg V hy); by independence
of (By, B1, H), we have h < hg V hy. Choose m < w and e = \/ j<2 el such that

n<m
m 2 S; and e > t. Let go,(0) = b8, 91.,(0) = bg“, gjn(1) =07, and g;,(2) = h;
for all (j,n) € 2 x w. Then

bi_i Nh<w;Ve=w V \/ /\ gin(k) =w; Vv /\ \/ 9in(f(g,m)).

J<2 k<3 f:2xm—3 j<2
n<m nm
Thus, b;_; A h < w; Ve if and only if, for all f: 2 x m — 3,
(8) bii Nh<wi V[ gin(f(3,m).
352

Given any f: 2xm — 3, let, for each (j, k) € 2x 3, Ejr = {n: f(j,n) = k}; let
Fl,O = ELQD and Fl,l = El,l- Independence of (Bo,Bl, H), (bg)n<w7 and (b?)n<w
imply that (8) is equivalent to the disjunction of
(X1) P f Eop—s UF11 4
(X2) S; £ EoiUFy;

(X3) h < hg and EO’Q #+ o;

(X4) h S hl and E172 # [

Similarly, we have 7;(z) < w; V e if and only if, for all f: 2 x m — 3, we have
S; X Ey; UF; or T; L S;. By (7), T; Y S; if and only if P;_; } U; where U; is as
in (9) below.

h Uy Uy
(9) ho AN —=hyi| Sy S
7h0 N h1 So<] Si>
ho A hi | SoU (So<l) S U (Sll>)

By choosing f according to (10) below, we ensure that (X2), (X3), and (X4) fail,
and, therefore, that (X1) holds.

h i | Eo2 | Ei2| Eoi—i | Bri—i | m\ Fi; | Fi,1-
ho A 7h1 0| o m SQ %) %) %]
ho N —hi|1|@ m S %] %] %]
(10) —ho A hi|0|m %] %) So< So U {0} So<
—hy A hi|1|m %] %] S1 S1 S
ho A hi1 0| @ %] So So< So U {O} So<
ho A hi|1]| @ %] S S S1 Si>
Comparing (9) with (10), we see that Fy1—; U F1 1, = U; in all cases. Therefore,
Py_; L U;. Thus, 7i(z) <yVeand P_; # 2. O

Choose A, = D, @Fr,, such that A, € M,, that &y = idp_, and that A, \ D, is
disjoint from U6<a Mg. Thus, (1) is preserved. By construction, A, N U5<a Mg =
Ui<o ALi» 50 (2) is preserved. By Claim 5.4, (5) is preserved. By Sirota’s Lemma,
since A, ; <ic Do <ic Aq for all i < 2 and D, splits perfectly in A, (4) is

preserved. Thus, our construction of € is complete and 2 has the FN.
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Choose a long wi-approximation sequence (Ng)a<w, With N, < H(R3) for all
a < wy and A, M € Ny (which implies 2 € Ny). We will show that Q[N] is not
locally finite. Let § = w; + 1; let 8 = we N N5, which is in we N Ns; and has
cofinality wy by Lemma 2.5; let [3,a) = [8,8 +w1) N Ns 1. Note that o € Ny and
la), =B.
Claim 5.7. BN Ns1 =L NMgy;.

Proof. By Lemma 2.3, 8 C Uy, Mp+o- Since B, M € Ns1 < H(XN3), we have

ﬁﬂN5,1=5ﬂU{M959€[ﬁ’ﬁ+w1)ﬂN5,l}=5ﬂ U My =pNMy,. O
B<b<a

We will show that {hq,0,a,1,b% 0} generates an infinite subalgebra of Q[N]. Tt

suffices to show that
o p(by; Nhoi, N) =6 for all i <2 and m < w,
o (b2 Ahai,N) = fb;’fé'l for all m < w, and
ok (b'g A hao, N) =—b2y for all m < w.

First, p(b3'; A ha,i, M) = « by construction. By definition of «, we have o €
N5\ Nsi; since B < a, we also have o & Nsg. Since M, p(e, M) € Ny and M, is
countable, we conclude that bj}}; Aha,i € N(;\UK2 Ns ;. Hence, p(b); Aha i, N) = 4.

Second, we have, by Corollary 3.1 and Claim 5.6,

m N, i m N5, N, m
Trg—(boe,l A hOc,17N) = /\ Tr-l—(;YO (Tri(ba,l A ha,h M)) = 7T+ 0(_62773_1) A 7T+6’0( a,l)'

j<2

We have wf&'o(—bzgl) = —bzgl because —b;”jl € Nj,o because p(=b7H M) €

a,0

Iy(a) = . We have 77_1:5’0( 1) = wi‘”(bgfl) = 1 by Lemma 3.1 because NsoNQ =
Aso L Al by (5) and Proposition 3.1, and because Aq 0N AL, 1 = Al 5 <ic A, ;.
Thus, 7 (B2} A ha,1, N) = =b0'5 1

Third, we have, by Corollary 3.1 and Claim 5.6,

7L (070 A hao, N) = N\ 700 (1 (67 A hayo, M)) = 2 1 (B0) Ay (=01
j<2
We have 7" (=by) = —b; because p(—b7', M) € Ii(a) = [8,a) C Nj,.

Al NN
0 ot

We have wf‘s'l(bg’fo) =T (b7'9) by Lemma 3.1 because A/, ; [ (2N Nj»1)
by (5) and Proposition 3.1, and because, arguing as in the proof of Claim 5.2,
Aﬁw N Ns1 <ie A;,O' Because Aﬁw N Ns1 = A;Q by Claim 5.7, we also have

oMo (pm ) = 7le2 () = 1. Thus, 7 (679 A o, N) = —b7,.

Thus, € has the FN but not the SFN.

We briefly remark that the interaction between 71'?|r and 7T_1'_ is essential to the
above construction. Given boolean algebras K <. L, it is not hard to check, using
Lemma 3.5, that (L, Az, Vg, —r,0r, 1z, 7%, 75) is locally finite. This lemma can
also be used to re-prove the implication from FN to SFN for boolean algebras of
size at most N;, without using, as Heindorf and Shapiro do, the implication from
FN to projectivity for boolean algebras of size at most Nj.

Indeed, given a boolean algebra A of size at most 8y with the FN, let (M4 )a<w,
be a long wj-approximation sequence with A € My, let F; be a chain of finite
subalgebras of A N My with union A N My, and then inductively assume that 1 <
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a < wp and F, is a pairwise commuting cofinal family of finite subalgebras of
ANMyo. Let AnNM, = {a, : n < w} and set Cy = {0,1}. Given n < w
and a finite C,, < AN M,, let A, be the subalgebra of A generated by C, U
{an}; choose B,, € F, containing wiwa’o [A]; let C,y1 be the subalgebra of A

generated by A, U B,. By Lemma 3.5, wf”‘o[CnH] = B,,; hence, for all D € F,,
P [Cry1] = (7P owf"’”)[CnH] = nP[B,], which implies C,11 | D by Lemma 3.2.
Thus, Foi1 = Fa U{Cy : n < w} is a pairwise commuting cofinal family of finite
subalgebras of AN Mqy410.
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