As a special case of linearity of infinite series, if Y °_ am and > °_ by,
are convergent, then > °_ (@, + by,) converges to (3 °_am) + (X e_obm)-

m=0

Using induction, it is easy to prove that, for any integer k > 0, if Y °_  amn
converges for each integer n from 0 to k, then Zi:o (ZZ:O am’n) converges
to ZZ:O (> o @m,n)- The following theorem is a generalization to k = oo

Lemma. If " a, is absolutely convergent, then |> " an| <3 |an].

Proof. First, Y a, converges since it is absolutely convergent. Second, by the
triangle inequality, every partial sum ) _\ a, satisfies

Z an| < Z lan| < Z|an|.

n<N n<N
Hence, by the Limit Location Theorem, | > a,| <> |ay]- O

Theorem. Suppose that T, , € R for allm,n >0, that > °_
for all n > 0, and that Y0~ (O _o |Tmn|) converges. Then > o0 o |Tm.nl
converges for all m > 0, all the series in the equation

5] 5 (5)

n=0

converge, and that equation is true.

Proof. We first show, for each m, that Y > ; |Zm n| converges. Since each term
|€m,n| is nonnegative, it is enough to show that the partial sums Efj:o |Z |
has an upper bound. The sum > > (372, |2i n|), which is finite by hypothesis,
is such a bound:

i |Z | < XN: (Z |$m|> < Z (Z |1:1-7,L|> :

n=0 n=0 1=0

Since each ZZO 0 Tm,n is, therefore, absolutely convergent, it is convergent.
Likewise, since each > ~_ 0 Zm,n is, by hypothesis, absolutely convergent it
is convergent. Let a,, = ZZO:() Ty, for each m and let b, = > Ty
and ¢, = Yoo |@m n| for each n. By the lemma, |b,| < ¢, for each n. By
hypothesis, C' = Y ¢, is convergent; hence, every partial sum Z _o |bn| is
bounded above by C} hence >0 o b is absolutely convergent and, therefore,
convergent. Let B = ZZO 0

It remains to show that Z o @m converges to B. Given ¢ > 0, we will find
K such that Z 0 Gm NB for all H > K. It is sufficient to find K large enough

that Zm:O ano \xmn| ~ C because, informally speaking, if the magnitudes

of every term ,, , outside the upper left K x K square of the infinite matrix
{Zm,n} add up to less than e, then the difference between a sum of the top K



or more rows and a sum of the left K or more columns should be smaller than
e.
Towards a formal version of the above idea, for each H > 0, let Ay =

Zgzo am, By = Zf:o bn, Cu = Zf:o Cn, Dy = Zf:o (Zf@:o xm,n>’ and

Ey =YH (ZH |xmn|> Observe that, since each |z, | is nonnegative,

n=0 m=0
we have Fy < F; < Fy < F3 < ---. Since Cy — C, we may choose N large
enough that Cy > C — /2. For each n from 0 to N, since ¢, = anozo |Tm.nl,

we may choose k,, large enough that Zf::o |Tmn| > e —e/(27F2). Let K =

max{N, ko, k1, ka2, ..., kn}. Then, since i + é 4+ 4 2%, < %,

N kn, N
3 3
EKZE <E xm,n|>2§ (Cnfw)>CN*§ZC*E-
n=0 \m=0 n=0

Now, suppose H > K. We then have Eg > Ex > C' — ¢. Moreover,

|B— Ay| = <BH+ i bn>_<DH+m§:< i xmn>>|

n=H+1 =0 \n=H+1
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